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Abstract
In this paper, we derive some identities or estimates for the operator norms and the
Hausdorﬀ measures of noncompactness of certain matrix operators on the sequence
space p(r, s, t;B(m)) which is related to p spaces. By applying the Hausdorﬀ measure
of noncompactness, we obtain the necessary and suﬃcient conditions for such
operators to be compact. Further, we study some geometric properties of this space.
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1 Background, notation, and preliminaries
Let w denote the space of all complex sequences x = (xk)∞k=. By ∞, c, c, and φ we denote
the sets of all bounded, convergent, null, and ﬁnite sequences, respectively. We write cs
for the set of all convergent series and
p =
{





for ≤ p <∞.
By e and e(n) (n = , , . . .), we denote the sequences with ek =  for all k, and e(n)n =  and






Let x and y be sequences,X and Y be subsets ofω andA = (ank)∞n,k= be an inﬁnitematrix
of complex numbers. We write xy = (xkyk)∞k=,




x– ∗ cs =
{
a ∈ ω :
∞∑
k=
akxk converges for all x ∈ X
}
for the β-dual of X. Note that β∞ = cβ = cβ = , 
β
 = ∞ and 
β
p = q.
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By An = (ank)∞k= and Ak = (ank)∞n= we denote the sequences in the nth row and the kth




ankxk (n = , , . . .) (.)
and A(x) = (An(x))∞n=, provided An ∈ Xβ for all n. The set XA = X(A) = {z ∈ ω : A(z) ∈ X} is
called the matrix domain of A in X. Finally (X,Y ) denotes the class of all matrices A that
map X into Y , that is for which An ∈ Xβ for all n and A(x) ∈ Y for all x ∈ X, or equivalently
A ∈ (X,Y ) if and only if X ⊂ XA.
The theory of BK spaces is the most powerful tool in the characterization of matrix
transformations between sequence spaces.
A sequence space X is called a BK space if it is a Banach space with continuous co-
ordinates pn : X → C (n ∈ N), where C denotes the complex ﬁeld and pn(x) = xn for all
x = (xk) ∈ X and every n ∈ N. A BK space X ⊃ φ is said to have AK if every sequence
x = (xk) ∈ X has a unique representation x =∑∞k= xke(k).
The sequence spaces ∞, c, and c are BK spaces with the same sup-norm given by
‖x‖∞ = supk |xk|, where the supremum is taken over all k ∈ N. Further, the space p is
a BK space with the usual p-norm deﬁned by ‖x‖p = (
∑∞
k= |xk|p)/p, where  ≤ p < ∞.
Moreover, the BK spaces c and p (≤ p <∞) have AK [], Examples ., ..
Let X and Y be Banach spaces. Then B(X,Y ) is the set of all bounded linear operators
L : X → Y , a Banach space with the operator norm deﬁned as usual by
‖L‖ = sup{∥∥L(x)∥∥/‖x‖ ≤ } (L ∈ B(X,Y )).
If Y =C then we write X∗ for the space of all continuous linear functionals on X with the
norm deﬁned by
‖f ‖ = sup{∣∣f (x)∣∣ : ‖x‖ ≤ } (f ∈ X∗).
If X ⊂ w is a normed space and a ∈ w then we write





∣∣∣∣∣ : ‖x‖ ≤ 
}
, (.)
provided the expression on the right-hand side exists and is ﬁnite which is the case when-
ever X ⊃ φ is a BK space and a ∈ Xβ [], p..
For any subset X of w, the matrix domain of an inﬁnite matrix A in X is deﬁned by
XA = {x ∈ w : Ax ∈ X}.
An inﬁnite matrix T = (tnk) is called a triangle if tnn =  and tnk =  for all k > n (n ∈ N).
The study of matrix domains of triangles in sequence spaces has a special importance due
to the various properties which they have. For example, if X is a BK space then XT is also
a BK space with the norm given by ‖x‖XT = ‖Tx‖X for all x ∈ XT [], Theorem ...
The following known results are fundamental for our investigation [], Theorem ...
Alotaibi et al. Journal of Inequalities and Applications  (2016) 2016:193 Page 3 of 19
Lemma .
(a) Let X denote any of the spaces c, c, ∞,  or p. Then we have ‖a‖∗X = ‖a‖Xβ for all
a ∈ Xβ , where ‖ · ‖Xβ is the natural norm on the dual space Xβ .
(b) Let X and Y be BK spaces. Then every matrix A ∈ (X,Y ) deﬁnes an operator
LA ∈ B(X,Y ) by LA(x) = Ax for all x ∈ X ; we denote this by (X,Y )⊂ B(X,Y ).
(c) Let X ⊃ φ be a BK space and Y be any of the spaces c, c or ∞. If A ∈ (X,Y ), then
‖LA‖ = ‖A‖(X,∞) = sup
n
‖An‖∗X <∞.
Also, let F be the collection of all non-empty and ﬁnite subsets of N = {, , , . . .},
throughout. Then we have the following result.
Lemma . Let X ⊃ φ be a BK space. If A ∈ (X,), then
‖A‖(X,) ≤ ‖LA‖ ≤  · ‖A‖(X,),
where ‖A‖(X,) = supN∈F ‖
∑
n∈N An‖∗X <∞.
For the reader’s convenience, we list a fewwell-knowndeﬁnitions and results concerning
the Hausdorﬀ measure of noncompactness which can be found in [, ], and [].
Let S andM be subsets of a metric space (X,d) and ε > . Then S is called an ε-net ofM
in X if for every x ∈ M there exists s ∈ S such that d(x, s) < ε. Further, if the set S is ﬁnite,
then the ε-net S ofM is called a ﬁnite ε-net ofM, and we say thatM has a ﬁnite ε-net in X.
A subsetM of a metric space X is said to be totally bounded if it has a ﬁnite ε-net for every
ε > . If X is complete, thenM is totally bounded if and only ifM is relatively compact (its
closure M¯ is a compact set). Let X and Y be Banach spaces. A linear operator L : X → Y
is called compact if D(L) = X for the domain of L and, for every bounded sequence (xn)∞n=
in X, the sequence (L(xn))∞n= has a convergent subsequence in Y .
ByMX , we denote the collection of all bounded subsets of a metric space (X,d). If Q ∈
MX , then the Hausdorﬀ measure of noncompactness of Q, is deﬁned by
χ (Q) = inf{ε >  :Q has a ﬁnite ε-net in X}.
The function χ :MX → [,∞) is called the Hausdorﬀ measure of noncompactness.
It is well known that if Q, Q, and Q are bounded subsets of a metric space X, then we
have
χ (Q) =  if and only if Q is totally bounded,
Q ⊂Q implies χ (Q)≤ χ (Q),
χ (Q) = χ (Q) for the closure Q of Q,










Further, if X is a normed space then we also have
χ (Q +Q)≤ χ (Q) + χ (Q),
Alotaibi et al. Journal of Inequalities and Applications  (2016) 2016:193 Page 4 of 19
χ (αQ) = |α|χ (Q) for all α ∈C.
Let X and Y be Banach spaces and L ∈ B(X,Y ). Then the Hausdorﬀ measure of noncom-






where S = {x ∈ X : ‖x‖ ≤ } is the unit ball in X. Also we have
L is compact if and only if ‖L‖χ = . (.)
Nowwe shall point out the well-known result of Goldenštein, Gohberg, andMarkus [],
Theorem , concerning the Hausdorﬀ measure of noncompactness in Banach spaces. The
Hausdorﬀmeasure of noncompactness of a bounded subset of theBK space p (≤ p <∞)
is given by the following result.
Lemma . Let X be a BK space with AK and monotone norm, Q ∈MX , and Pn : X → X
(n ∈ N) be the operator (projection) deﬁned by Pn(x,x, . . .) = x[n] = (x,x, . . . ,xn, , , . . .)
for all x = (x,x, . . .) ∈ X. Then






For some recent related work on this topic, we refer to [–], and []. For some ap-
plications in diﬀerential and integral equations, we refer to [, –], and [].
2 Results and discussion
Throughout this paper, let r, t ∈ U and s ∈ Uo, where
U = {u = (uk) ∈ w : uk =  for all k} and Uo = {u = (uk) ∈ w : u = }.







sn–ktkxk (n ∈N). (.)






⎩sn–ktk/rn (≤ k ≤ n), (k > n) (.)
for all n,k ∈N. Then, by using the notation of (.), it follows by (.) that x¯ is the A¯(r, s, t)-
transform of x, that is, x¯ = (A¯(r, s, t))x for all x ∈ w.
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Moreover, it is obvious by (.) that A¯(r, s, t) is a triangle. Thus, it has a unique inverse





s s   · · · 
s s s  · · · 






sn– sn– sn– sn– · · · s
sn sn– sn– sn– · · · s
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n = , , , . . .).







n–kD(s)n–krk/tn (≤ k ≤ n),
 (k > n)
(.)
for all n,k ∈N, that is, (A¯(r, s, t))– = A¯(t, s′, r), where s′ = (s′n) such that s′n = (–)nD(s)n for all






(–)n–kD(s)n–krkx¯k (n ∈N). (.)
For an arbitrary subset X of w, the set X(r, s, t) has recently been introduced in [] as
the matrix domain of the triangle A¯(r, s, t) in X, that is,
X(r, s, t) =
{












It is obvious thatX(r, s, t) is a sequence spacewheneverX is a sequence space, andwe call
it the sequence space of generalized means. Further, if X is a BK space then X¯ = X(r, s, t)
is also a BK space with the norm given by
‖x‖X¯ = ‖y‖X (x ∈ X¯). (.)
Recently, Maji and Srivastava [] have deﬁned and studied the sequence space X(r, s,
t;B(m)) for X ∈ {∞, c, c} which is obtained by combining the generalized means and the
mth order generalized diﬀerence operator B(m)(u, v). They characterized some compact
operators on the spaces X(r, s, t;B(m)) for X ∈ {∞, c, c} by using the Hausdorﬀ measure
of noncompactness. In this paper, we derive some identities or estimates for the operator
norms and the Hausdorﬀmeasures of noncompactness of certain matrix operators on the
sequence space p(r, s, t;B(m)). By applying the Hausdorﬀ measure of noncompactness, we
obtain the necessary and suﬃcient conditions for such operators to be compact. Further,
we study some geometric properties of this space.
The generalized diﬀerencematrix of orderm denoted asB(m) = B(m)(u, v) = (b(m)nk ), u, v = 







um–n+kvn–k (max{,n –m} ≤ k ≤ n),
 (≤ k < max{,n –m}),
 (k > n).
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x = (xk) ∈ w :
((
A¯(r, s, t)·B(m))x)∞n= ∈ X}.


























In this paper, we are interested in the study of p(r, s, t;B(m)). We have the following
lemma which is immediate by Theorem . in [].








































The following results will be needed in our study.




for all a = (ak) ∈ ¯βp , where a˜ = (a˜k) is the sequence deﬁned by (.).
Proof Let a = (ak) ∈ ¯βp . Then it follows by Lemma . that a˜ = (a˜k) ∈ βp and the equality
(.) holds for all sequences x = (xk) ∈ ¯p and x¯ = (x¯k) ∈ p which are connected by the
relation x¯ = (A¯(r, s, t;B(m)))x. Further, we see that x ∈ S¯p if and only if x¯ ∈ Sp . Therefore,















∣∣∣∣∣ = ‖a˜‖∗p .
This concludes the proof. 
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Remark . By combining Lemmas . and ., we have the following:
(a) If a ∈ ((r, s, t;B(m)))β , then ‖a‖∗¯ = supk |a˜k| <∞.
(b) If a ∈ (p(r, s, t;B(m)))β , then ‖a‖∗¯p = (
∑∞
k= |a˜k|q)/q <∞, where q = p/(p – ) and
 < p <∞.
Throughout this paper, if A = (ank) is an inﬁnite matrix, we deﬁne the associated matrix

































provided the series on the right converge for all n,k ∈N, which is the case whenever An ∈
(p(r, s, t))β for all n ∈N [], Theorem .. Then we have the following.
Lemma . Let Y be a sequence space and A = (ank) be an inﬁnite matrix. If A ∈
(p(r, s, t;B(m)),Y ), then A˜ ∈ (p,Y ) such that Ax = A˜x¯ for all x ∈ p(r, s, t) with x¯ =
(A¯(r, s, t))x, where A˜ = (a˜nk) is the associated matrix deﬁned by (.).
Proof Suppose that A ∈ (p(r, s, t;B(m)),Y ) and let x ∈ p(r, s, t;B(m)). Then An ∈ (p(r, s, t;
B(m)))β for all n ∈ N. Thus, it follows by Lemma . that A˜n ∈ βp for all n ∈ N and the
equality Ax = A˜x¯ holds which yields that A˜x¯ ∈ Y , where x¯ is the sequence of generalized
means of x, i.e., x¯ = (A¯(r, s, t;B(m)))x. Further, it is obvious by (.) and Remark . that
every x¯ ∈ p is the sequence of generalized means of some x ∈ p(r, s, t;B(m)). Hence, we
deduce that A˜ ∈ (p,Y ). This completes the proof. 
Finally, we conclude this section by the following results on operator norms.
Theorem . Let A = (ank) an inﬁnite matrix and A˜ = (a˜nk) the associated matrix. If A is
in any of the classes (p(r, s, t;B(m)),∞), (p(r, s, t;B(m)), c) or (p(r, s, t;B(m)), c), then
‖LA‖ = ‖A‖(p(r,s,t;B(m)),∞) = supn ‖A˜n‖
∗
p <∞.
Proof This is immediate by combining Lemmas . and .. 
Theorem . If A ∈ (p(r, s, t;B(m)),), then










Proof This result follows from Lemmas . and .. 
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Theorem . If A ∈ ((r, s, t;B(m)),p), then






Proof The proof is elementary and left to the reader. 
Remark . The characterizations ofmatrix classes considered in this paper can easily be
obtained as in Corollaries . and . of []. Thus, we shall omit these characterizations
and only deal with the operator norms and the Hausdorﬀ measures of noncompactness
of some matrix operators which are given by inﬁnite matrices in such classes.
3 Main results
In this section, we derive some identities or estimates for the Hausdorﬀ measures of non-
compactness of certain matrix operators on the spaces of generalized means. Further, we
apply our results to obtain the necessary and suﬃcient (or only suﬃcient) conditions for
such operators to be compact.
We may begin with quoting the following lemma [], Theorem ..
Lemma . Let X ⊃ φ be a BK space. Then we have:
(a) If A ∈ (X,∞), then
≤ ‖LA‖χ ≤ lim sup
n→∞
‖An‖∗X .
(b) If A ∈ (X, c), then
‖LA‖χ = lim sup
n→∞
‖An‖∗X .
(c) If X has AK or X = ∞ and A ∈ (X, c), then

 · lim supn→∞ ‖An – α‖
∗
X ≤ ‖LA‖χ ≤ lim sup
n→∞
‖An – α‖∗X ,
where α = (αk) with αk = limn→∞ ank for all k ∈N.
Now, let A = (ank) be an inﬁnite matrix and A˜ = (a˜nk) the associated matrix deﬁned by
(.). Then, by combining Lemmas ., . and ., we have the following result.
Theorem . We have:
(a) If A ∈ (p(r, s, t;B(m)),∞), then




LA is compact if limn→∞‖A˜n‖
∗
p = . (.)
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(b) If A ∈ (p(r, s, t;B(m)), c), then




LA is compact if and only if limn→∞‖A˜n‖
∗
p = . (.)
(c) If A ∈ (p(r, s, t;B(m)), c), then

 · lim supn→∞ ‖A˜n – α˜‖
∗




LA is compact if and only if limn→∞‖A˜n – α˜‖
∗
p = , (.)
where α˜ = (α˜k) with α˜k = limn→∞ a˜nk for all k ∈N.
Proof Note that parts (a) and (b) are proved in []. Further it is obvious that (.), (.)
and (.) are, respectively, obtained from (.), (.), and (.) by using (.). Thus, we have
to prove (.), (.) and (.).
Since p(r, s, t;B(m)) is a BK space, we deduce by means of Lemma . that (.) and (.)
are immediate by parts (a) and (b) of Lemma ., respectively.
To prove (.), we have A ∈ (p(r, s, t;B(m)), c) and hence A˜ ∈ (X, c) by Lemma .. There-
fore, it follows by part (c) of Lemma . that

 · lim supn→∞ ‖A˜n – α˜‖
∗
X ≤ ‖LA˜‖χ ≤ lim supn→∞ ‖A˜n – α˜‖
∗
X , (.)
where α˜ = (α˜k) and α˜k = limn→∞ a˜nk for all k ∈N.












= χ (A˜S). (.)
Further, we see that x ∈ S¯ if and only if x¯ ∈ S, and sinceAx = A˜x¯ by Lemma ., we deduce
that AS¯ = A˜S. This leads us with (.) and (.) to the consequence that ‖LA‖χ = ‖LA˜‖χ .
Hence, we get (.) from (.). This completes the proof. 
It is worth mentioning that the condition in (.) is only a suﬃcient condition for the
operator LA to be compact, where A ∈ (p(r, s, t;B(m)),∞) and X is a BK space with AK
or X = ∞. More precisely, the following example will show that it is possible for LA to
be compact while limn→∞ ‖A˜n‖∗X = . Hence, in general, we have just ‘if ’ in (.) of Theo-
rem .(a).
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Example . Let us deﬁne the matrix A = (ank) by an = st/r and ank =  for k ≥ 
(n ∈ N). Let B(m) = I , the identity matrix. Then we have for every x = (xk) ∈ p(r, s, t;B(m)),
Ax = (stx/r)e and hence A ∈ (p(r, s, t;B(m)),∞). Further, it is obvious that LA is of
ﬁnite rank and so LA is compact. On the other hand, by using (.), it can easily be seen
that A˜n = e() for all n ∈ N. Thus, we obtain by Lemma . that ‖A˜n‖∗X =  for all n ∈ N,
which implies that limn→∞ ‖A˜n‖∗X = .
Moreover, as an immediate consequence of Theorem ., we have the following corol-
lary.
Corollary . If either A ∈ (∞(r, s, t;B(m)), c) or A ∈ (∞(r, s, t;B(m)), c), then the operator
LA is compact.
Proof Let A ∈ (¯∞, c). Then we have by Lemma . that A˜ ∈ (∞, c) which implies that
limn→∞(
∑∞
k= |a˜nk|) = , that is, limn→∞ ‖A˜n‖∗∞ =  by Lemma .. This leads us with The-
orem.(b) to the consequence that LA is compact. Similarly, ifA ∈ (∞(r, s, t;B(m)), c) then
A˜ ∈ (∞, c) and hence limn→∞(∑∞k= |a˜nk – α˜k|) = , which can be written as limn→∞ ‖A˜n –
α˜‖∗∞ = , where α˜ = (α˜k) and α˜k = limn→∞ a˜nk for all k ∈ N. Therefore, we deduce from
Theorem .(c) that LA is compact. 
Throughout, let Fr (r ∈ N) be the subcollection of F consisting of all non-empty and
ﬁnite subsets of N with elements that are greater than r, that is,
Fr = {N ∈F : n > r for all n ∈N} (r ∈N).
Then we have the following.
















































Proof It is obvious that (.) is obtained by combining Lemmas . and .. Also, by using
(.), we get (.) from (.). 
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Now, we prove the following result.




















Proof Wewrite S¯ = S¯ . Then we see by Lemma . that LA(S¯) = AS¯ ∈Mp . Thus, it follows
from (.) and Lemma . that







where Pr : p → p (r ∈ N) is the operator deﬁned by Pr(x) = (x,x, . . . ,xr , , , . . .) for all
x = (xk) ∈ p and I is the identity operator on p.
On the other hand, let x ∈ (r, s, t;B(m)) be given. Then x¯ ∈  and since A ∈ ((r, s, t;
B(m)),p), we obtain from Lemma . that A˜ ∈ (,p) and Ax = A˜x¯. Thus, we have for
every r ∈N,



























































To prove the converse inequality, let b(k) ∈ (r, s, t;B(m)) be such that (A¯(r, s, t;B(m)))b(k) =
e(k) (k ∈ N), that is, e(k) is the sequence of generalized means of b(k) for each k ∈ N (see
Corollary . in []). Then we have by Lemma . that Ab(k) = A˜e(k) = (a˜nk)∞n= for every
k ∈N.
Now, let B = {b(k) : k ∈N}. Then B⊂ S¯ and hence AB⊂ AS¯, which implies that χ (AB)≤
χ (AS¯) = ‖LA‖χ .
Further, it follows by applying Lemma . that





























≤ ‖LA‖χ . (.)
Hence, we get (.) by combining (.) and (.). This completes the proof, since
(.) is immediate by (.) and (.). 
Finally, we end this section with the following example, which shows that the limit in
(.) may not be zero, that is, there exist matrix operators in the class B(¯,p) which are
not compact, where ≤ p <∞.
Example . Let A = (ank) be the inﬁnite matrix deﬁned by A = A¯(r, s, t;B(m)). Let B(m) =
I , the identity matrix. Since (r, s, t;B(m)) is the matrix domain of A in , we have A ∈
((r, s, t;B(m)),) and hence A ∈ (¯,p) for  ≤ p < ∞. Further, it is trivial to see that the
associated matrix A˜ is the identity matrix, that is, a˜nn =  and a˜nk =  for k = n (n ∈ N).
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=  (r ∈N)
which leads us with (.) of Theorem . to the conclusion that ‖LA‖χ =  and hence LA
is not compact.
4 Geometric properties
Recently there has been a lot of interest in investigating geometric properties of sequence
spaces besides topological and some other usual properties. In the literature, there are
many papers concerning geometric properties of various Banach sequence spaces.
A Banach space X is said to be a Köthe sequence space (see [, ], and []) if X is a
subspace of w such that
(i) if x ∈ w, y ∈ X , and |x(i)| ≤ |y(i)| for all i ∈N, then x ∈ X and ‖x‖ ≤ ‖y‖;
(ii) there exists an element x ∈ X such that x(i) >  for all i ∈N.
A Köthe sequence space X is said to have the Fatou property if for any real sequence x
and any {xn} in X such that xn → x coordinatewise and supn ‖xn‖ <∞, we have x ∈ X and
‖xn‖ → ‖x‖.
A Banach space X is said to have the Banach-Saks property if every bounded sequence
{xn} in X admits a subsequence {zn} such that the sequence {tk(z)} is convergent in X with
respect to the norm, where
tk(z) =

k (z + z + · · · + zk) ∀k ∈N.
A Banach space X is said to have the weak Banach-Saks property whenever given any
weakly null sequence {xn} in X there exists its subsequence {zn} such that the sequence
{tk(z)} converges to zero strongly.
Given any p ∈ (,∞), we say that a Banach space (X,‖ · ‖) has the Banach-Saks property
of type p if there exists a constant c >  such that every weakly null sequence {xk} has a





∥∥∥∥∥ ≤ cn p ∀n ∈N.
The Banach-Saks property of type p ∈ (,∞) and weak Banach-Saks property for Cesàro
sequence spaces have been considered in [].
We say that a Banach space X has the weak ﬁxed point property if every nonexpan-
sive self-mapping deﬁned on a non-empty weakly compact convex subset of X has a ﬁxed
point.
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n→∞ ‖xn – x‖ : x ∈ B(X), {xn} ⊂ B(X) and xn →  weakly
}
and he proved (see [, ]) that a Banach space X with R(X) <  has the weak ﬁxed point
property.
A Köthe sequence space X is said to be order continuous if for any sequence {xn} and
any x in X+ (the positive cone in X) such that xn(i) ≤ x(i) as n → ∞ for all i,n ∈ N and
xn(i)→  for any i ∈N, we have ‖xn‖ →  as n→ ∞.
Clarksonmodulus of convexity of a normed space (X,‖ · ‖) is deﬁned (see work by Clark-
son [] and Day []) by the formula
δX(ε) = inf
{
 – ‖x + y‖ ;x, y ∈ S(X),‖x – y‖ = ε
}
for any ε ∈ [, ]. The inequality δX(ε) >  for all ε ∈ (, ] characterizes the uniform con-
vexity of X and the equality δX() =  characterizes strict convexity (= rotundity) of X.





∥∥αx + ( – α)y∥∥;x, y ∈ δ(X),‖x – y‖ = ε}
for any ε ∈ [, ]. It is obvious that δX(ε)≤ βX(ε) for any Banach space X and any ε ∈ [, ].
It is also known that βX(ε) ≤ δX(ε) for any ε ∈ [, ] and that X is rotund if and only if
βX(ε) =  and X is uniformly convex if and only if βX(ε) >  for any ε ∈ [, ].
Theorem . The Banach-Saks type of the space p(r, s, t;B(m)) is equal to p.
Proof Let (εn) be a sequence of positive numbers for which
∑∞
n= εn ≤  . Let {xn} be a
weakly null sequence in p(r, s, t;B(m)). Set t = x =  and t = xn = x. Then there exists








Since the fact that {xn} is a weakly null sequence implies that xn → , coordinatewise,
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for all n ≥ n. Continuing this process, we can ﬁnd by induction two increasing subse-




























































































































= (n + )

p .
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≤ (n + ) p + ≤ (n + ) p .
Therefore, the space p(r, s, t;B(m)) has the Banach-Saks type p, which completes the proof
of the theorem. 









for any ≤ ε ≤ .











Let ≤ ε ≤  and using (.), let us consider the following sequences:














, , , . . .
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, , , . . .
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,
whereH = (A¯(r, s, t) ·B(m))–nk . Since yn = ((A¯(r, s, t) ·B(m))x)n and zn = ((A¯(r, s, t) ·B(m))t)n, we
have












, , , . . .
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‖x – t‖p(r,s,t;B(m)) =

























To complete the estimate of the Gurari˘ı on the modulus of convexity, it remains to calcu-
late the inﬁmum of ‖αx + ( – α)t‖p
p(r,s,t;B(m))
for ≤ α ≤ . We have
inf
≤α≤
































































which is the desired result. 
5 Conclusion
Recently the sequence space X(r, s, t;B(m)) for X ∈ {∞, c, c} has been studied by Maji and
Srivastava [] which is obtained by combining the generalized means and themth order
generalized diﬀerence operator B(m)(u, v). They characterized some compact operators on
the spacesX(r, s, t;B(m)) forX ∈ {∞, c, c} by using theHausdorﬀmeasure of noncompact-
ness. In this paper, we have derived some identities or estimates for the operator norms and
the Hausdorﬀ measures of noncompactness of certain matrix operators on the sequence
space p(r, s, t;B(m)). Further, by applying the Hausdorﬀ measure of noncompactness, we
obtained the necessary and suﬃcient conditions for such operators to be compact. In the
last section, we have studied some geometric properties of this space, e.g. the property
Banach-Saks type and Gurari˘ı modulus of convexity.
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